We investigate surface plasmon amplification in a silver nanoparticle coupled to an externally driven threelevel gain medium, and show that quantum coherence significantly enhances the generation of surface plasmons. Surface plasmon amplification by stimulated emission of radiation is achieved in the absence of population inversion on the spasing transition, which reduces the pump requirements. The coherent drive allows us to control the dynamics, and holds promise for quantum control of nanoplasmonic devices. 78.20Bh,78.45.+h Quantum nanoplasmonics is a promising active field of research which involves quantum mechanical control of plasmon resonances [1, 2] , quantum optical applications using plasmons [3, 4] and the development of active plasmonic devices [5]. Surface plasmons (SPs) localize the light within subwavelength volumes which makes them an ideal tool for enhancing and controlling the light-matter interaction at the nanoscale. Although amplification of light is generally bound to the limit of diffraction, it has been shown that stimulated emission of SPs can coherently amplify optical fields in smaller volumes, thus generating highly localized field of interest for both applied and fundamental physics [5] [6] [7] [8] . Spasers and nano-lasers have been experimentally demonstrated recently [9-13] and may find applications, for example, in sensing, bio-imaging and spectroscopy [14] . Recent progress in nanophotonics has led to the possibility of controlling many aspects of light with a single layer of nanostructured elements [15] [16] [17] . These techniques based on optical phase discontinuities, require light amplification at the nanoscale to achieve high throughput.
We investigate surface plasmon amplification in a silver nanoparticle coupled to an externally driven threelevel gain medium, and show that quantum coherence significantly enhances the generation of surface plasmons. Surface plasmon amplification by stimulated emission of radiation is achieved in the absence of population inversion on the spasing transition, which reduces the pump requirements. The coherent drive allows us to control the dynamics, and holds promise for quantum control of nanoplasmonic devices. Quantum nanoplasmonics is a promising active field of research which involves quantum mechanical control of plasmon resonances [1, 2] , quantum optical applications using plasmons [3, 4] and the development of active plasmonic devices [5] . Surface plasmons (SPs) localize the light within subwavelength volumes which makes them an ideal tool for enhancing and controlling the light-matter interaction at the nanoscale. Although amplification of light is generally bound to the limit of diffraction, it has been shown that stimulated emission of SPs can coherently amplify optical fields in smaller volumes, thus generating highly localized field of interest for both applied and fundamental physics [5] [6] [7] [8] . Spasers and nano-lasers have been experimentally demonstrated recently [9] [10] [11] [12] [13] and may find applications, for example, in sensing, bio-imaging and spectroscopy [14] . Recent progress in nanophotonics has led to the possibility of controlling many aspects of light with a single layer of nanostructured elements [15] [16] [17] . These techniques based on optical phase discontinuities, require light amplification at the nanoscale to achieve high throughput.
Several technical challenges, however, must be overcome in order to realize reliable, efficient, high-gain spasers. First, spasers have high thresholds which may limit their use in applications [18] . Second, in addition to the threshold problem, spasers have low efficiencies, generating only few plasmons per spasing mode [5] [6] [7] [8] . These limitations of spasers with two-level gain medium are related to the effect of gain saturation caused by the feedback of SP modes on the gain medium. After a short time, absorption and emission become equal, leading to saturation. One way to circumvent this is by adding a saturable absorber (bistable spaser) [8] which poses technological challenges. Moreover, further increase of the input field intensity leads to extra Ohmic losses due to heating of the metallic surface.
The field of nanophotonics would benefit from the development of nanoscale coherent sources with increased field intensity output, lower threshold and with performance con-FIG. 1. Schematic of the coherence-enhanced spaser. (a) A silver nanosphere surrounded by three-level quantum emitters such as atoms, molecules, rare earth ions or semiconductor quantum dots placed in the near field of a dipolar plasmon mode. (b) The threelevel gain medium is excited by an external incoherent pump g to the upper state |3 which decays to states |1 and |2 . The |2 → |1 transition is nearly resonant with the plasmon mode of the silver nanosphere such that the state |2 decays by emitting SPs via energy transfer. The plasmonic oscillations of the nanosphere stimulate this emission, supplying coherent feedback for the spaser. The physical mechanisms involved in the spasing process are analogous to electromagnetically induced transparency and coherent population trapping: an external coherent drive Ωa is applied to the transition |2 → |3 creating an asymmetry between absorption and stimulated emission on the spasing transition |2 → |1 , enabling spasing without population inversion on the spasing transition.
trolled via external fields. In this Letter, we apply a concept similar to lasing without inversion (LWI) [19] [20] [21] [22] [23] [24] to SP generation and amplification. Three-level systems experience Fano-type interference in their absorption profile due to two possible absorption paths [20] . This Fano-type interference generates an asymmetry between absorption and stimulated emission which may lead to LWI. We consider a three-level gain medium with one of the transitions coupled to a plasmon mode. Using quantum coherence, we mitigate the SP absorption, achieving gain even without population inversion on the spasing transition in the steady-state regime. We theoretically demonstrate that the performance of an externally driven three-level spaser may be enhanced compared to conventional two-level spasers. The introduction of an external driving field that controls the quantum coherence in the gain medium decreases the spasing threshold and increases the number of SPs. We show that coherence-enhanced spasers can be robust against decoherence and that the coherent drive provides a means to control their dynamics.
The spasing process with a three-level gain medium is shown in Fig. 1 . The gain medium is a generic system of three-level quantum emitters such as atoms, molecules, rare earth ions or semiconductor quantum dots, which have a ground state |1 and two excited states |2 and |3 . An incoherent pumping source couples states |1 and |3 . Transition |2 → |3 is driven by an external coherent source as in the standard LWI theory [20] . Transition |2 → |1 which occurs spontaneously is nearly resonant to the plasmon mode of a metallic nanostructure such as a silver nanosphere and is used to transfer energy from the gain medium to SPs. The local field of SPs in turn provides feedback by stimulating the |2 → |1 transition.
In this work, as in standard semi-classical laser theory, we treat the gain medium quantum mechanically, and the SPs and photons classically. The details of the formalism are given in the Supplementary Information. We consider the plasmon and photon annihilation operatorsâ n andb m as complex numbers a n and b m , respectively, with the time dependence a n = a 0n e −iνst and b m = b 0m e −iν23t , where a 0n and b 0m are slowly varying amplitudes. Therefore, the number of coherent SPs per spasing mode is given by N n = |a 0n | 2 . Note, that in this model we assume that, unlike the transition |2 → |1 which is nearly resonant with the plasmons, the transition |3 → |2 driven by a photon source is not coupled to the metallic nanostructure and does not excite SPs. Such an approximation is valid when the 3 → 2 transition is in a different optical frequency domain, e.g. mid IR relative to the 2 → 1 transition which occurs in visible range. The coherence on the transition |2 → |3 is maintained by an external source Ω a (Fig. 1) .
It is more convenient to rewrite the interaction term, in braket notation, with rotating wave approximation as
where
21 ∇φ n (r p )a 0n / is the Rabi frequency for the spasing transition |2 → |1 , Ω
23 b 0m / is the Rabi frequency for the driving transition |2 → |3 . We define detunings as ∆ b = ω 21 − ν b and ∆ a = ω 32 − ν a . Furthermore we assume that the driving field is strong enough so that the number of photons in the mode m is fixed and does not change with time. Thus, Ω (p) a is a constant, i.e. independent of time.
Introducing ρ (p) as a density matrix of the pth gain-medium chromophore, the emitter density matrix elements ρ ij satisfy the Liouville-von Neumann equatioṅ
where {Γ, ρ (p) } = Γρ (p) + ρ (p) Γ and the relaxation rates
Here γ ij are the decay rates for populations, γ ph is the phase relaxation (or dephasing) rate of the coherence ρ ij [26] , and g is the incoherent pump rate per gain-medium molecule. The SP stimulated emission is described as excitation by the coherent polarization of the gain medium corresponding to the transition |2 → |1 . The corresponding time evolution equation is obtained using the Heisenberg equation of motion for a 0n and adding the SP relaxation rate γ n . It has a similar form to the equation for the two-level gain medium [8] :
b /a 0n is a single plasmon Rabi frequency. We assume that the Rabi frequencies are the same for all chromophores and omit the index (p) below. The details of the density-matrix equations are given in the supplement material.
To determine the spasing condition, we assume resonant coupling on the driving transition (i.e. ∆ a = 0), real fields and Ω b ≪ Ω a , Γ 21 . In this limit we keep all the terms for the driving field Ω a and restrict the field Ω b to the lowest order. The steady-state population inversions aren 21 
where N p is the number of quantum emitters. The condition in Eq.(4) which is valid both below and above the spaser threshold, explicitly includes the coherent drive Ω a , thus allowing control not only of the spasing threshold but also the spasing frequency and dynamics. In the absence of the drive (Ω a = 0) and for the fast |3 → |2 population transfer (γ 32 ≫ g) Eq.(4) reduces to the spasing condition for a two-level system [8] . The spasing frequency can be found from Eq. (4):
In the absence of the driving field, Eq. (5) reduces to Eq.(11) of ref. [8] . Also, in the absence of the driving field, the spasing frequency is given by a combination of the atomic and the plasmonic resonances. Eq. (5) shows that the driving field modifies the spasing frequency, providing a new external control parameter. Within a certain range of parameters, it is possible to study the problem analytically. In particular, if γ 31 ≪ γ 32 ≪ γ 21 , in the limit of a strong drive, Ω a ≫ γ 21 , γ n , in the vicinity of the threshold g ∼ γ 12 , the number of surface plasmons is independent of the driving field and is given for g > γ 21 by N n ≃ N p (g − γ 21 )/6γ n . On the other hand, if the driving is weak, Ω a ≪ γ 12 , γ n , then a similar analysis yields N n ≃ N p γ 32 (g − γ 21 )/2γ n γ 21 . In the weak drive limit, the linear increment of N n is smaller, because γ 32 ≪ γ 21 . Therefore, coherent driving can substantially enhance the number of stimulated surface plasmons.
Next we present the numerical simulation results obtained by solving the system of equations Eq.(2). Two types of spasers have been designed based on a spherical core-shell geometry: with the gain medium outside or inside of the nanoparticle [5, 7] . The first design corresponds to a metal nanosphere surrounded by a shell of gain-medium chromophores, and the second is a metal nanoshell with gain medium inside. Here we consider the first case, i. e. the metal core (nanosphere) surrounded by gain medium molecules, because the nanosphere is the simplest and most thoroughly investigated plasmonic nanostructure with a well-known range of structural and dynamical parameters (see [27, 28] and Supplementary Information for details). The nanosphere supports localized surface plasmon (LSP) excitations with dipolar, quadrupolar, and higher multipolar modes [29, 30] . We consider the lower transition |2 ↔ |1 of the three-level gain medium coupled to a dipolar SP mode of a silver nanosphere of radius 40 nm and ω n = 2.5 eV. The detuning of the gain medium from the SP mode is (ω 21 − ω n ) = 0.002 eV. The external dielectric has the permittivity of ǫ d = 2.25. The permittivity of silver was taken from ref. [31] . The nanosphere LSP damping rate was chosen based on the reported values: γ n = 5.3×10
14 s −1 with ∆ n = 3×10 12 s −1 [28, 32, 33] . The number of gain medium chromophores is N p ≃ 6 × 10 4 . The latter has been chosen to match the density of chromophores in [6] . The remaining parameters are listed in the Supplementary Information. Plasmon dephasing may be decreased by varying geometry and coupling to dark resonances [34] . A broad range of structural and dynamic parameters provides flexibility of design and experimental implementation. Fig. 2(a) , obtained by solving the system Eq 2 for different values of Rabi frequency Ω a , shows the number of LSPs N n generated in the presence of the coherent drive Ω a for the dephasing rate γ ph = 0. N n is enhanced by an order of magnitude for higher values of the pumping rate g. This is accompanied by a factor of two decrease of the spasing threshold. Fig. 2(b) shows population inversion on the spasing transition |2 ↔ |1 for the three choices of drive Rabi frequency Ω a considered in Fig 2(a) . The enhancement of the number of plasmons corresponds to a decrease of the population inversion on the spasing transition. Note, that the negative population inversion on the spasing transition does not mean spasing without population inversion (analogue of lasing without inversion [21] [22] [23] ). The overall excited states population is always larger than of the ground state: ρ 22 + ρ 33 > ρ 11 (see supplementary information). The enhancement is due to the quantum coherence in the three-level gain medium generated by the drive Ω a , i. e. breaking of detailed balance on the spasing transition. It is worth noticing two things: first, the coherent drive is applied at a different frequency than both the incoherent pumping or the spasing frequencies; being not resonant with the plasmon mode, we can achieve strong driving field without damaging the nanoparticles. Second, the control of the output can be achieved at low plasmon numbers which may be useful for single plasmon engineering [4] and applications in quantum nanophotonics. To reveal the role of decoherence, we show the number of LSPs N n versus the incoherent pumping rate g for different dephasing rates γ ph = 0, 80, 160, and 240×10 12 s −1 in Fig. 3 . Even in the case of a large dephasing rate γ ph = 80×10 12 s −1 , which is typical for semiconductor systems, we still observe the effect of enhanced generation of LSPs due to the presence of the coherent drive. Similar effects in atomic systems in the XUV and the optical domains have recently been studied [35] [36] [37] .
In the following, we show that the driving field also affects the dynamical properties of the spaser. Fig. 4a shows the ratio of the imaginary part of the Floquet exponent γ s normalized by the SP linewidth γ n for three values of the pumping rate g = 4.4, 6 and 8×10 12 s −1 for the dephasing rate γ ph = 0. Larger values of γ s are obtained for larger values of the pump g and moderate values of the drive Ω a . Different values of the Floquet exponent correspond to different dynamics and have been used to classify lasers [38] . Fig. 4b shows for Ωa = 16×10 12 s −1 . Steady-state coherence-enhanced spasing is robust against decoherence and may be observed even for large dephasing rates. two temporal profiles of the plasmonic field intensity for Ω a = 0 and 24×10 12 s −1 for g = 8×10 12 s −1 . Stronger drive causes the earlier onset of spasing and the faster approach to the steady state. This corresponds to a larger value of γ s which can be controlled by the drive as shown in Fig. 4a . Such control of the spaser dynamics may be important for ultrafast nanophotonics applications. Although it provides a solution to create local heating sources, decay of LSPs induces heating of the nanoparticles which might be detrimental to spasers. Faster approach to steady-state would also be helpful in the pulsed drive field regime with appropriate repetition rate, avoiding extensive heat which would otherwise eventually melt the nano-particles.
Coherence-enhanced spasing operation can be experimentally realized by following two different approaches. The first one consists of coating plasmonic nanoparticles or clusters of nanoparticles with self-assembled layers of molecules or quantum dots. Gain and even spasing in such plasmonic nanostructures have previously been reported using a combination of two-level molecules and nanoparticles [9] . Spasing threshold values reported in various experiments confirm that this approach is unpractical for potential applications, in particular due to the large pumping energy required to achieve population inversion [18] . Using surface chemistry one can synthesize three-level molecular systems deposited on nanoparticles by e.g. self-assembly.
The second approach uses very low loss long range propagating surface plasmon polaritons (LRSPPs). These LRSPPs have been successfully amplified by depositing a doped polymer [11] or a dye-doped dielectric on top of the plasmon waveguides [39] . This scheme, where LRSPPs are amplified with surprisingly low noise due to limited mode partition noise [40] , can be extended to the three-level gain medium by patterning LRSPP waveguides at the interface between threelevel quantum wells.
In summary, we have proposed a new scheme for creating an efficient coherent source of radiation at the subwavelength scale. We showed that the emission properties of spasers may be enhanced using quantum coherence in a three-level quantum emitter based gain medium placed in the near field of a plasmonic nanostructure. We demonstrated a significant spasing enhancement and reduction of the spasing threshold for moderate driving fields. We have also investigated the effect of dephasing and showed that the enhancement is robust under realistic conditions. The driving field acts as an external control parameter to tune the emission properties of the spaser such as threshold, number of generated plasmons and emission frequency. The driving field may be chosen to interact with the gain medium at a different frequency from that of the spasing transition, avoiding spurious heating effects which could degrade the performance of the device. Coherent control is achieved in a wide range of plasmon output power and persists down to the single plasmon level at low driving field intensity. Because the driving field also controls the spaser dynamics, it may lead to future ultrafast and controllable nanoplasmonic devices. These concepts may be extended to a broader range of quantum optical phenomena and applied to a variety of plasmonic nanostructures. Plasmonic structures of various sizes and shapes can be synthesized to resonantly enhance the applied coherent drive [41] . Plasmonic analogs of quantum optical effects such as plasmonic EIT [42, 43] and Fano resonances [44] may further improve controllability of spaser properties.
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